To maximize the number of planet detections by increasing efficiency, current microlensing follow-up observation experiments are focusing on high-magnification events to search for planet-induced perturbations near the peak of lensing light curves. It was known that by monitoring high-magnification events, it is possible to detect multiplicity signatures of planetary systems. However, it was believed that the interpretation of the signals and the characterization of the detected multiple-planet systems would be difficult due to the complexity of the magnification pattern in the central region combined with the large number of lensing parameters required to model multiple-planet systems. In this paper, we demonstrate that in many cases the central planetary perturbations induced by multiple planets can be well approximated by the superposition of the single planetary perturbations where the individual planet-primary pairs act as independent binary lens systems (binary superposition). The validity of the binary-superposition approximation implies that the analysis of perturbations induced by multiple planets can be greatly simplified because the anomalies produced by the individual planet components can be investigated separately by using relatively much simpler single-planetary analysis, and thus enables better characterization of these systems.
INTRODUCTION
Microlensing is one of the most important methods that can detect and characterize extrasolar planets (see the review of Perryman 2000) . Microlensing planet detection is possible because planets can induce perturbations to the standard lensing light curves produced by primary stars. Once the perturbation is detected and analyzed, one can determine the mass ratio, q, and the projected separation, s (normalized by the Einstein ring radius r E ), between the planet and host star (Mao & Paczyński 1991) . Recently, a clear-cut microlensing detection of an exoplanet was reported by Bond et al. (2004) .
Planet detection via microlensing is observationally challenging. One of the most important difficulties in detecting planets via microlensing lies in the fact that planet-induced perturbations last for a short period of time. For a Jupitermass planet, the duration is only a few days and it decreases as ∝ √ q. To achieve high monitoring frequency required for planet detections, current lensing experiments are employing early warning system to issue alerts of ongoing events in the early stage of lensing magnification (Soszyński et al. 2001; Bond et al. 2001 ) and follow-up observation programs to intensively monitor the alerted events Park et al. 2004; Cassan et al. 2004 ). However, follow-up is generally done with small field-of-view instrument, and thus events should be monitored sequentially. As a result, only a handful number of events can be followed at any given time, limiting the number of planet detections. An observational strategy that can dramatically increase the planet detection efficiency was proposed by Griest & Safizadeh (1998) . When a microlensing event is caused by a star possessing a planet, two sets of caustics are produced. Among them, one is located away from the primary lens (planetary caustic) and the other is located close to the primary lens (central caustic). The location of the planetary caustic varies depending on the planetary separation s, which is not known, and thus it is impossible to predict the time of planetary perturbation in advance. On the other hand, the central caustic is always located very close to the primary lens, and thus the central perturbation occurs near the peak of high-magnification events. Therefore, by focusing on highmagnification events, it is possible to dramatically increase the planet detection efficiency, enabling one to maximize the number of planet detections with a limited use of resources and time (Han & Kim 2001; Rattenbury et al. 2002; Yoo et al. 2004 ).
An additional use of high magnification events was noticed by Gaudi, Naber, & Sackett (1998) . They pointed out that multiple planets with separations ∼ 0.6 -1.6 of the Einstein ring radius r E significantly affect the central region of the magnification pattern regardless of the orientation and thus microlensing can be used to detect multiple-planet systems. They noted, however, that characterizing the detected multiple-planet systems by analyzing the central perturbations would be difficult due to the complexity of the magnification pattern combined with the large number of lensing parameters required to model multiple-planet systems.
In this paper, we demonstrate that in many cases the central planetary perturbations induced by multiple planets can be well approximated by the superposition of the singleplanetary perturbations where the individual planet-primary pairs act as independent binary lens systems (binary superposition). The validity of the binary-superposition approximation implies that a simple single-planet lensing model is possible for the description of the anomalies produced by the individual planet components, enabling better characterization of these systems.
The layout of the paper is as follows. In § 2, we describe the multiple-planetary lensing and magnification pattern in the central region. In § 3, we illustrate the validity of th binarysuperposition approximation in describing the central magnification pattern of multiple-planet systems. In § 4, we discuss the usefulness of the superposition approximation in the interpretation of the multiple planetary signals. FIG . 1.-Contour maps of magnification excess from the single-mass lensing as a function of the source position (ξ, η) for a lens system containing two planets. The parameters of planet 1 (located on the left-side ξ axis) are held fixed at q 1 = 0.001, s 1 = 1.4, while the projected separation s 2 and the angle between the axes, ∆θ, are varied for a second planet with q 2 = 0.0003. Greyscale is used to represent positive (bright) and negative (dark) deviation regions. The two sets of contours drawn in black and white are for the maps constructed by exact triple lensing and binary-superposition approximation, respectively. Contours are drawn at the levels of |ǫ| = 2%, 5%, and 10%. The straight line with an arrow in each panel is the source trajectory where the resulting light curve is presented in the corresponding panel of Fig The equation of lens mapping from the lens plane to the source plane (lens equation) of an N point masses is expressed as
where
, and z = x + iy are the complex notations of the source, lens, and image positions, respectively,z denotes the complex conjugate of z, m j are the masses of the individual lens components, M = j m j is the total mass of the system, and thus m j /M represent the mass fractions of the individual lens components. Here all angles are normalized to the Einstein ring radius of the total mass of the system, M, i.e.
where D OL and D OS are the distances to the lens and source, respectively. The lensing process conserves the source surface brightness, and thus the magnifications A i of the individual images correspond to the ratios between the areas of the images and source. For an infinitesimally small source element, the magnification is,
The total magnification is the sum over all images, A = i A i . For a single lens (N = 1), the lens equation is simply inverted to solve the image positions (x, y) and magnifications for given lens (x L , y L ) and source (ξ, η) positions. This yields the familiar result that there are two images with magnifications and separations from the lens of A ± = 0.5(A ± 1) and
, respectively, where u ≡ |ζ − z L | is the separation between the lens and source and
1/2 ] is the total magnification. A planetary lensing with a single planet is described by the formalism of a binary (N = 2) lens. In this case, the lens equation cannot be inverted algebraically. However, it can be expressed as a fifth-order polynomial in z and the image positions are then obtained by numerically solving the polynomial (Witt & Mao 1995) . One important characteristic of binary lensing is the formation of caustics, which represent the set of source positions at which the magnification of a point source becomes infinite. Planetary perturbations on lensing light curves occur when the source approaches close to the caustics. The location and size of these caustics depend on the projected separation s and the mass ratio q. For a planetary case, there exist two sets of disconnected caustics. The planetary caustic(s) is (are) located away from the primary star on or very close to the star-planet axis with a separation from the primary star of ξ pc ≃ s − 1/s. The central caustic, on the other hand, is located close to the primary lens with a size of ∆ξ cc ≃ 4q/(s − 1/s) 2 (Chung et al. 2005) . Caustics are located within the Einstein ring when the planetary separation is within the range of 0.6 s 1.6. The size of the caustic, which is directly proportional to the planet detection efficiency, is maximized when the planet is located within this range, and thus this range is referred as "lensing zone" (Gould & Loeb 1992) .
For a multiple-lens system, the lens equation is equivalent to a polynomial with an order of (N 2 + 1). Therefore, a multiple-lens system produces a maximum of N 2 + 1 and a minimum of N + 1 images, with the number of images changing by multiple of two as the source crosses a caustic (Rhie 1997) . For a system with two planets (and thus N = 3), there are thus a maximum of 10 images and a minimum of 4 images. Unlike the caustics of binary lensing, those of multiple lensing can exhibit self-intersecting and nesting.
BINARY-SUPERPOSITION APPROXIMATION
The mass ratio of a planet to its primary star is very small, and thus the lensing behavior of planet-induced anomalies can be treated as perturbation (Gould & Loeb 1992; Bozza 1999; Asada 2002; Dominik 1999; . Due to the perturbative nature of planetary anomalies, it was known that the magnification pattern in the region around planetary caustics of multiple-planet systems can be described by the superposition of those of the single-planet systems where the individual planet-primary pairs acts as independent binary lens systems , i.e.,
where A mul , A bs , A bi,i , and A 0 represent the magnifications of the exact multiple lensing, binary-superposition approximation, binary lensing with the pairs of the primary and individual planets, and single-mass lensing of the primary alone, respectively. By contrast, it was believed that the binarysuperposition approximation would not be adequate to describe the magnification pattern in the central region because the central caustics produced by the individual planet components reside at the same central region and thus non-linear interference of the perturbations would be large.
Unlike this belief about the magnification pattern in the central perturbation region, we find that non-linear interference between the perturbations produced by the individual planets of a multiple-planet system is important only in a small confined region very close to the central caustics. This implies that in many cases binary-superposition approximation can also be used for the description of the magnification pattern in the central perturbation region. Fig. 1 . The source trajectories responsible for the events are marked also in Fig. 1 . For all events, the impact parameter of the trajectories is u 0 = 0.03. In each panel, there are five curves, where the curves drawn in thick solid black, thin magenta, cyan, and red lines are those of exact triple lensing, binary lensing with the pairs of the primary and the individual planets, and binary-superposition approximation, respectively, and the dashed curve is that of a single-mass lensing of the primary alone. The curve in the lower part of each panel shows the difference between the excesses of the exact triple lensing and binary-superposition approximation.
To demonstrate the validity of the binary-superposition approximation in the central region, we construct a set of magnification excess maps of example multiple-planet systems containing two planets with various orientations. The magnification excess represents the deviation of the magnification from the single-mass lensing as a function of the source position (ξ, η), and it is computed by
where A tri is the magnification of the triple (primary star plus two planets) lensing.
In Figure 1 , we present the constructed contour (drawn by black lines) maps of magnification excess. In the map, the parameters of planet 1 are held fixed at q 1 = 0.001 and s 1 = 1.4, while the projected separation s 2 and the angle between the position vectors to the individual planets from the primary star (orientation angle), ∆θ, are varied for a second planet with q 2 = 0.0003. Greyscale is used to represent positive (bright, ǫ tri > 0) and negative (dark) deviation regions. Also drawn are the contours (drawn in white lines) of magnification excess based on binary-superposition approximation, i.e.,
For the maps based on binary superposition, we consider slight shift of the effective lensing position of the primary star (z L, * ) toward the individual planets (z L,pi ) with an amount of (Di Stefano & Mao 1996) 
To better show the magnification pattern in the very central region and the detailed caustic structure, we enlarge the maps and presented them in Figure 2 . In each map, the figures drawn in thick black and white lines represent the caustics for the cases of the exact triple lensing and binary superposition, respectively. From the comparison of the excess maps constructed by the exact triple lensing and binary-superposition approximation, one finds that binary superposition is a good approximation in most of the central perturbation region as demonstrated by the good match between the two sets of contours. Slight deviation of the binary-superposition approximation from the exact lensing magnification occurs (a) in a small region very close to the central caustics and (b) in the narrow regions along the primary-planet axes. This can be better seen in Figure 3 , where we present the greyscale maps for the difference between the excesses of the triple lensing and binarysuperposition approximation, i.e.,
The difference in the region close to the central caustics is caused by the non-linear interference between the perturbations produced by the individual planets. On the other hand, the difference along the primary-planet axes is caused by the slight positional shift of the triple-lensing caustics due to the introduction of an additional planet. However, the area of the deviation region, in general, is much smaller than the total area of the perturbation region, and thus the binary superposition approximation is able to well describe most part of planetary anomalies in lensing light curves. This can be seen in Figure 4 , where we present example light curves of multipleplanetary lensing events and compare them to those obtained by binary superposition. The lensing behavior of a multiple planetary system is determined by many parameters including q 1 , q 2 , s 1 , s 2 , and ∆θ, and binary-superposition might not be a good approximation in some space region of these parameters. We therefore investigate the region of parameter space where binarysuperposition is a poor approximation. Due to the numerousness of the parameters, we choose a method of investigation where we inquire the validity of the approximation on the individual parameters by varying one parameter and fixing other parameters. The validity of the approximation is quantified by the ratio of where Σ ǫ and Σ ∆ǫ represent the area of the central perturbation region and the area of the difference region between the exact triple lensing and the binary-superposition approximation, respectively. In some cases, the perturbation regions caused by the planetary and central caustics are connected, making the boundary between the two regions ambiguous. We thus define the central perturbation region as the region within the lens-source impact parameter of u = 0.1 (corresponding to the region with magnifications A 10). The areas Σ ∆ǫ and Σ ǫ are computed by setting the threshold values of |∆ǫ th | = 5% and |ǫ th | = 5%, respectively.
In Figures 5, 6 , and 7, we present the dependence of R on the orientation angle (∆θ), the mass ratios of the component planets (q 1 and q 2 ), and the separations to them (s 1 and s 2 ), respectively. From the variation of R depending on the orientation angle, we find that the difference between the exact lensing and binary-superposition approximation becomes bigger as ∆θ decreases and thus the two planets are located closer to each other. We interpret this tendency as the increase of the non-linear interference between the perturbations caused by the two planets as the separation between them decreases. From the dependence on the mass ratio and separation, we find that binary superposition becomes a poor approximation as either the planet mass increases or the separation approaches to unity. These tendencies are the natural results of the breakdown of the perturbation treatment for companions with high mass ratios and (or) separations of s ∼ 1, because the perturbation treatment is valid when q ≪ 1 and |s − 1| ≫ q. Besides these extreme regions of parameter space, however, we find that R 5% in most regions, implying that binarysuperposition approximation well describes the lensing behavior of most multiple planetary systems. 4 . IMPLICATION AND CONCLUSION In the previous section, we demonstrated that lensing magnification patterns of multiple-planet systems can be described by using binary-superposition approximation not only in the region around planetary caustics but also in most part of the central perturbation region. In this section, we discuss the importance of the binary-superposition approximation in the analysis and characterization of multiple-planet systems to be detected via microlensing.
Exact description of lensing behavior of events caused by multiple-planet systems requires a large number of parameters. Even for the simplest case of a two-planet system, the number of parameters is ten, including four single-lensing parameters of the Einstein timescale t E , time of the closest lens-source approach t 0 , lens-source impact parameter u 0 , and blended light fraction f B , and another four parameters of the two sets of the planetary separation and mass ratio, (s 1 , q 1 ) and (s 2 , q 2 ), and the source trajectory angle α and the orientation angle ∆θ. As a result, it was believed that analyzing anomalies produced by multiple planets would be a daunting task.
With the validity of binary-superposition approximation, however, the analysis can be greatly simplified because the anomalies induced by the individual planets can be investigated separately by using relatively much simpler singleplanetary lensing analysis. Anomalies for which this type of analysis is directly applicable are those where the perturbations induced by the individual planets are well separated, e.g., the anomalies in the lensing light curves presented in Figure 4 with (s 2 , ∆θ) = (0.7, 60
• ), (0.7, 120 • ), (0.9, 60 • ), (0.9, 120
• ), (1.3, 60
• ), and (1.3, 120
• ). In some cases, the region of perturbations caused by the individual planets are located close together and thus part of the anomalies in lensing light curves can be blended together. However, even in these cases, the non-linear interference between the anomalies is important only in small confined regions and thus the superposition approximation would still be valid for a large portion of the anomalies, allowing rough estimation of the separations and mass ratios of the individual planets. Once these rough parameters are determined, then fine tuning of the parameters by using exact multiple-planet analysis will be possible by exploring the parameter space that was greatly narrowed down.
However, care is required for the case when the two perturbations caused by the individual planets happen to locate at the same position (or very close to each other). This case occurs when the two planets are aligned (∆θ = 180
• ) or antialigned (∆θ = 0
• ). In this case, the anomaly appears to be caused by a single planet and thus naive analysis of the anomalies can result in wrong characterization of the planet system. However, this type of anomalies will be very rare.
